Recently a new caculational scheme for effective actions in radial background fields was developed. The effective action is expressed as an infinite sum of partial-wave contributions, using the rotational symmetry of the system. The sum becomes convergent after proper regularization and renormalization, but the rate of convergence is rather slow. We introduce a systematic way of accelerating the rate of convergence. This method is based on a radial WKB series in the angular momentum cut-off. We demonstrate the power of this scheme by applying it to the calculation of instanton determinant in QCD.
Introduction
The one-loop effective action plays a central role in quantum field theories. However, the explicit evaluation of it is usually very difficult and analytic results are known only in limited cases.
Recently there has been a significant progress in this problem when background fields have radial symmetry, using the partial wave analysis.
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Introduction of a cut-off in the partial wave sum and separation of the sum into two parts is a key of the idea. A radial WKB expansion which is uniformly valid for the large angular momentum part is developed. Proper renormalization counterterms are taken into account there. Combination of the leading terms of this WKB expansion and the contributions from the low angular momentum part provides us a finite renormalized value in the limit of large cutoff value. It also turns out that the inclusion of higher order terms in the uniform radial WKB expansion greatly improves the rate of convergence in the infinite sum. In this work, we present a general scheme of this method and some results for the one-loop effective action in the case of QCD instanton.
Partial Wave Method
The one-loop effective action for a complex scalar field is defined in terms of functional determinants formally as
where
Here V (r) is a radial potential vanishing sufficiently fast at infinity. Using the partial wave analysis, the effective action can be written as
Here l denotes the angular momentum quantum number appropriate to each partial wave and
! is the degeneracy factor. 4 The associated radial differential operatorM l is given by M l = −∂ 2 + V l with the effective potential
and M free l = M l with V = 0. The individual radial determinant ratio Ω l in (2) can be evaluated easily by using the Gel'fand-Yaglom method
where the wave functions ψ l (r) and ψ (2) is formally divergent. This problem is related to renormalization. There exists an elegant way to extract the renormalized quantity Γ ren from Γ. 1, 4 Another problem is the slow rate of convergence of the l-sum. Both of these problems can be solved by splitting the sum into two pieces: the low angular momentum part Γ L and the high angular momentum part Γ H as
Here we introduce a cut-off L and δΓ denotes the 'conventional' renormalization counterterm. Each Ω l in the part Γ L can be evaluated using the above Gel'fand-Yaglom method. Since Ω l behaves like ∼ 1/l for large l and (2)). As for the part Γ H , we can evaluate it analytically in a uniform asymptotic series of the form
where Q −n 's may have an implicit L dependence of O(L 0 ) and Q log behaves as O(ln L) in the large L limit. One can find explicit forms of the Q's with derivation in a recent work.
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Now let us consider the case with very large value of L. Note that, as L → ∞, unsuppressed terms in the expansion (6) may grow but they match precisely the divergences coming from Γ L with the opposite sign. Hence, combining these two and taking the L → ∞ limit yields Γ ren :
In principle, one can use this expression to obtain the renormalized effective action. But we still have a practical problem related with the convergence rate.
With a finite value of L, we can write the following formula for Γ ren :
where N refers to the order of truncation. In this formula the error is indicated by the last term and it is totally under control. It is apparent that we get a more accurate value of Γ ren by taking into account more 1 L -suppressed terms for a given value of the cutoff L. In the subsequent sections, by applying this method to the evaluation of the instanton determinant, we demonstrate the power of our method.
Instanton determinant with m = 0
We apply our method to the case of the instanton determinant with m = 0 where an exact computation is possible. 7 Now the partial derivative ∂ µ in M should be replaced with D µ = ∂ µ − iA µ . Here the background field A µ = A a µ τ a /2 is an SU(2) single instanton solution and A a µ (x) = 2η µνa x ν f (r) with f (r) = 1/(1 + r 2 ), taking the size parameter ρ = 1. It is convenient to introduce the total angular momentum J = L + T . Then each partial wave is labeled by (l, j) with j = l ± 1/2 and l takes half integral values. The effective potential has the form:
We may exactly solve the radial ODE, M (l,j) ψ l,j = 0 and get a master formula of Ω l :
The WKB large-L expansion of Γ H is evaluated as
Then the renormalized effective action is (setting the renormalization parameter µ = 1)
with α = −(5/72) − 1/6 ln 2 − 2ζ ′ (−1) = 0.145873312863 . . .. Taking a finite value of L, we get the approximate value of the effective action:
When L = 20, comparing the exact and approximate values we find that the difference is just 3.7 × 10 −10 . This result clearly shows the elegance of our method.
Numerical values and asymptotic expansions: m = 0
When m = 0 it is no longer possible to find a master formula for Ω l . Related ODE's must be solved in a numerical way. There are other approximate but analytic expressions for the effective action. The large mass expansion is directly obtained from the Schwinger-DeWitt expansion as described in the work 
